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Abstract
We analyze gauge parameter dependence by using an algebraic method which
relates the gauge parameter dependence of Green functions to an enlarged
Slavnov-Taylor identity. In the course of the renormalization it turns out that
gauge parameter dependence of physical parameters is already restricted at
the level of Green functions. In a rst step we consider the on-shell conditions
which we nd to be in complete agreement with these restrictions to all orders
of perturbation theory. The xing of the coupling, however, is much more
involved outside the complete on-shell scheme. In the Abelian Higgs model
we prove that this xing can be properly chosen by requiring the Ward identity
of gauge invariance to hold in its tree form to all orders of perturbation theory.
Supported by Deutsche Forschungsgemeinschaft
1. Introduction
In the perturbative formulation of gauge theories one has to destroy gauge symmetry
by xing the gauge. Thereby arbitrary gauge parameters are introduced into the ac-
tion which have to be proven to cancel when physical observables are concerned. The
Green functions, however, depend non-trivially on these gauge parameters. Already in
the early days of non-abelian gauge theories it has been suggested that the S-matrix is a
gauge parameter independent quantity [1]. After having established the renormalization
of gauge theories via the BRS symmetry gauge parameter independence of the S-matrix
has been strictly proven in [2] for such gauge theories which are completely broken by
the spontaneous symmetry breaking mechanism and which therefore do not contain any
massless particles. The ingredients of this proof are the complete on-shell scheme xing
the poles and the residua of the particles at the physical masses and a specic on-shell
normalization condition for the transversal vector-vector-Higgs vertex. In order to prove
gauge parameter independence of the S-matrix within this special set of normalization
conditions heavy technical tools as the Wilson operator product expansion are required.
In pure gauge theories with massless gauge bosons the situation is much more involved
because the S-matrix cannot be simply constructed due to infrared divergencies. For these
theories it has been derived among other things that the -functions are independent of
the gauge parameter. In this context, the original proof explicitly refers to an invariant
scheme, namely the minimal subtraction scheme of dimensional regularization [3].
Aiming at the standard model such considerations are unsatisfactory: Due to the mass-
lessness of the photon a complete on-shell scheme, especially for the W -propagator, cannot
be formulated in a strict sense, and an invariant scheme is not available due to the parity
violating interactions in the fermion sector. Furthermore, in concrete calculations one is
not only interested in the gauge parameter independence of the S-matrix but also in a
knowledge, how the single Green functions depend on the gauge parameters. We therefore
analyze gauge parameter dependence by an algebraic method [4], which can be generally
applied in the context of Green functions. Although we eventually aim at the standard
model we present the techniques for the Abelian Higgs model here as a natural rst step.
The algebraic method enlarges the usual BRS transformations by varying the gauge pa-
rameter into a Grassmann variable. Constructing the Green functions in agreement with
the enlarged BRS invariance automatically yields information about gauge parameter
dependence. Moreover, it is seen that the physical parameters of the model have to be
chosen gauge-parameter-independently in order to be able to prove gauge parameter inde-
pendence of the S-matrix. For higher orders in perturbation theory these restrictions are
extended to restrictions for the normalization conditions and it is seen that the conditions
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of ref. [2] for spontaneously broken theories and the MS-scheme for symmetric theories
[3] are just a special set of adequate normalization conditions (cf. sec. 5 and ref. [4], [5],
where the respective analysis has been performed for pure gauge theories).
The paper is organized as follows: In section 2 we present the Abelian Higgs model and
also summarize the results of ref. [6]. In section 3 the enlarged BRS transformations and
Slavnov-Taylor identities are introduced, which give rise to the algebraic control of gauge
parameter dependence. In section 4 the classical approximation is solved, thereby nding
the restrictions for the physical parameters mentioned above. In section 5 these consider-
ations are continued to higher orders. This is an application of the method and shows in
an impressive way, how the algebraic method works in higher orders. Furthermore, one
deduces in this context that the on-shell conditions are in complete agreement with the
enlarged Slavnov-Taylor identity. In section 6 and 7 Ward identites of rigid and local sym-
metry are derived including the BRS-varying gauge parameter. As a consequence of the
local Ward identity it turns out that gauge parameter dependence of the longitudinal part
of the 3-point vertex, which describes the interaction between vector, Higgs and would-be
Goldstone, is competely determined by the gauge dependence of the self energies of the
scalars. Section 8 contains a summary of the results. In appendix A we give the general
classical solution of the Abelian Higgs model including all the free parameters. As an
illustration, in appendix B we sketch the diagrams contributing to the gauge parameter
variation of the Higgs self energy.
2. The Abelian Higgs model
In order to set the general framework and to x notation we rst give a short exposition
of the model treated in this paper.
The Abelian Higgs model contains a vector eld A and two scalar elds ’ = (’1; ’2)
interacting in such a way that U(1) gauge invariance is broken spontaneously. It can be






























Γinv is invariant under the U(1) transformations







of the eld ’1 produces the mass m for the vector eld A and ’1 is the
(physical) Higgs eld with mass mH. The eld ’2 then takes the role of the would-be
Goldstone boson eaten up by A.







 denotes the gauge parameter and B is an auxiliary eld with !B = 0. Please note
that the ’t Hooft gauge xing term
R
BAm’2 has been introduced in order to avoid a
non-integrable infrared singularity in the <’2’2 > propagator. It leads to a non-trivial
violation of both local and global gauge invariance:
!Γg:f: =
Z 






Hence one has to enlarge local gauge transformations to BRS transformations thereby
introducing the Faddeev-Popov () elds c; c,
sA = @c ; sc = 0 ;




sc = B ; sB = 0 ;
and to postulate BRS invariance of the theory instead of gauge invariance:
sΓcl = 0 (2.7)
This leads to extra-terms in the classical action:










is chosen such that its BRS variation exactly cancels the BRS variation of Γg:f:.
The external eld part
Γe:f: =
Z
fY1(s’1) + Y2(s’2)g (2.10)
couples the non-linear BRS transformations s’i to the external elds Yi. It is added in
order to allow for a careful denition of the BRS transformation of ’i in higher orders
(cf. (2.14)). BRS invariance has been shown to dene the Abelian Higgs model in its
quantized version and it is the relevant symmetry for renormalizability and unitarity of
the S-matrix [7].
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In a foregoing paper [6] rigid and also local gauge symmetry have been formulated to all
orders of perturbation theory (see sections 6 and 7 for details). For this purpose the gauge
xing has to be complemented by external scalar elds ’^1 and ’^2 which transform under
gauge transformations according to



















is invariant under the global gauge transformations (2.3) and (2.11), if one adjusts ^A =
−1. For vanishing external elds ’^i the original gauge xing (2.4) is recovered and these
elds have only been introduced in order to be able to manage the breaking of gauge
invariance for higher orders Green functions algebraically.
Also in its enlarged form gauge invariance does not describe the -part, even it does not
in the classical approximation. Instead, BRS invariance has to be used for the construction
of the model, which involves also the external elds ’^i. Because they are coupled to BRS
variations they are transformed into external elds qi with -charge +1:
s’^i = qi ; sqi = 0 ; i = 1; 2 (2.13)
At the level of the vertex functional Γ = Γcl +O(h) the BRS invariance of the theory is



















where F = (F1; F2). The ST identity is the essential ingredient for the proof of renormaliz-
ability and unitarity. It can be proven that (2.14) together with appropriate normalization
conditions, invariance under charge conjugation and the gauge condition (2.12) uniquely
denes the model to all orders of perturbation theory. (The quantum numbers of all elds
are given in table 1.) In the rst step one has to show that the classical action (2.8) is
uniquely determined as the local solution of the ST identity. The general classical solution
has been calculated in ref. [6] and is presented in appendix A explicitly. The free para-









zmm ; mH −!
p
zmHmH ; e −! zee
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elds A B ~’1 ~’2 c c Y1 Y2 q1 q2
dim 1 2 1 1 0 2 3 3 1 1
charge conj. - - + - - - + - + -
Q 0 0 0 0 +1 -1 -1 -1 +1 +1
Table 1: Quantum numbers of the elds ( ~’i = ’i; ’^i)
The eld redenitions of the remaining elds and parameters are governed by the ST
identity and the gauge xing (2.12). Via the eld redenitions the external elds ’^i enter
the gauge invariant part Γinv (2.1) of the action, but only in the combination
’i = ’i − xi’^i ; (2.16)
with xi, i = 1; 2, being further free parameters. These parameters appear also in the BRS
variations of the elds ’i, which modify (2.6) into
s’1 = −e ’2c+ x1q1 ; s’2 = e( ’1 +
m
e
)c+ x2q2 : (2.17)
The free parameters have to be xed by appropriate normalization conditions order by
order in perturbation theory. In order to have a proper eld theoretic denition of the
S-matrix the masses of the particles have to be xed at the poles of the 2-point Green
functions; these conditions read for the corresponding vertex functions:
Re Γ’1’1(p
2 = m2H) = 0 xes zmH
ΓT (p2 = m2) = 0 xes zm (2.18)
Γcc(p
2 = m2ghost) = 0 xes A
Thereby we have dened the transversal part of the 2-point function according to







The wave function renormalizations zi are determined on the residua of the respective
2-point functions,
@p2Γ
T (p2 = m2) = 1 xes zA
Re @p2Γ’1’1(p
2 = m2H) = 1 xes z1 (2.20)
@p2Γ’2’2(p
2 = 2) = 1 xes z2 ;
whereas the parameters xi are chosen to be xed on the external eld part at an arbitrary
normalization point :
ΓY1q1(p
2 = 2) = x(0)1 xes x1 (2.21)
ΓY2q2(p






2 are assumed to be pure numbers (e.g. 1 or 0) throughout the paper. Using
rigid invariance they are not independent but x(0)2 = x
(0)
1 +O(h) (cf. (6.4)).
It remains to give an appropriate normalization condition for the coupling e. This coupling
can be determined at the 3-point function ΓA’1’2 at a normalization momentum pnorm:
@p1ΓA’1’2(−p1 − p2; p1; p2)

fpig=pnorm
= −ie xes ze (2.22)
Finally we have to require the 2-dimensional BRS-invariant scalar eld polynomial (see
appendix A) to vanish:
Γ’1 = 0 xes  (2.23)
Applying these normalization conditions to the tree approximation and requiring the
gauge condition (2.12) the original classical action Γcl (2.8) is recovered up to the modi-
cations encoutered in (2.16) and (2.17), i.e. za = 1 + za with za of order h.
When controlling the gauge parameter algebraically (the subject of this paper) one gets
restrictions on the gauge parameter dependence of the free parameters za. In higher orders
these restrictions have to be extended to a proper denition of the normalization condi-
tions. The main result of this paper is the observation that the on shell conditions (2.18)
for the physical particles are in complete agreement with the restrictions given on gauge
parameter dependence, whereas the denition of the coupling (2.22) has to be modied
in an appropriate way. It turns out that the Ward identity of local symmetry (cf. (7.1))
can be used to x the gauge parameter dependence of the vertex ΓA’1’2 correctly.
3. Algebraic control of gauge parameter dependence
Let us now turn to the proper subject of this paper: the control of gauge parameter
dependence. We start with the observations that for the classical action Γcl the gauge











and that the r.h.s. therefore vanishes between physical states, i.e. physical quantities as
the S-matrix are gauge parameter independent in the tree approximation as they should.
Now we can ask whether it is possible to extend this statement to higher orders. There







 Γ ; (3.2)
1Eq. (3.1) is the deeper reason for introducing the auxiliary eld B.
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which cannot be handled in such a simple way as it was the case in the tree approximation.
(Note that the vertex B2 can be inserted non-trivially into loop diagrams according to
the appearance of the mixed B-A propagator.) To prove -independence of physical
quantities demands quite a technical eort [2], if one does not use specically adapted
tools. Such a tool has been provided by ref. [4] and consists in BRS-transforming  into
a Grassmann variable  with -charge +1:
s =  ; s = 0 (3.3)
Accordingly the ST identity (2.14) has to be modied into:
S(Γ) + @Γ = 0 (3.4)




+ @Γj=0 = 0 : (3.5)
In the model under investigation sΓ is dened in (6.19) and is { roughly speaking { the
functional generalization of s. Hence (3.5) is nothing else but the functional analog of
(3.1), which can be { in contrast to (3.2) { controlled in higher orders. In other words:
Proving (3.4) to all orders of perturbation theory automatically yields the -dependence
of the 1-PI Green functions in an algebraic way.
In theories with spontaneous breaking of the symmetry (as in the Abelian Higgs model)
even a second gauge parameter A has to be introduced via the ’t Hooft term. For the
purpose of this paper we restrict ourselves to the consideration of the dependence on the
gauge parameter  only and do not BRS-transform A. However, we allow that A might
be a function of . For this reason the ’t Hooft gauge, which is dened by the choice
A =  ; (3.6)
is automatically included in our discussion.
We want to nish this section by writing down how the classical action (2.8) has to be
modied due to the BRS-transforming gauge parameter  (3.3). The only place, where
 appears, is the gauge xing term (2.12) and { in the ’t Hooft gauge { the -part.
Evaluating the BRS variations we end up with
Γg:f: + Γ −! Γg:f: + Γ + 
Z 1
2
cB + (@A)mc’2 − (@^A)mc’^2

: (3.7)
Note that cB as well as c’2 can be non-trivially inserted into loop diagrams. Therefore
the renormalization of the model for  6= 0 has to be carried out carefully to all orders
looking thereby into the modications appearing from gauge parameter dependence.
7
4. Slavnov-Taylor identity for  6= 0
Following the remarks of the last section we are able to control the gauge parameter



















+ @Γ = 0 : (4.1)
Because the ST identity does not prescribe the gauge xing terms, we can also postulate
















to hold for the solution Γ of (4.1). It is worth to note that (4.2) is well dened and can
be integrated in all orders of perturbation theory due to the linearity in the propagating
elds.
Because  is a Grassmann variable and therefore 2 = 0, the vertex functional Γ can be
decomposed into a -independent and an explicitly -dependent part,
Γ = Γ^ + Q ; (4.3)
where Q is the generating functional of Green functions with -charge −1. Inserting
this ansatz into (4.1), making use of 2 = 0, and looking for terms proportional to 0 and









































+ @Γ^ = 0 (4.5)
Equation (4.4) is exactly the ST identity (4.1) for  = 0, which has been studied in [6].
Therefore we only have to consider (4.5) and to investigate the modications brought
about by the BRS-varying gauge parameter via the -dependent part Q.
First we have to look for the general classical solution of the ST identity (4.5) in order
to nd the free parameters of the model. The general solution Γ^gencl has already been
presented in section 2 and is given explicitly in appendix A. In the classical approximation
the decomposition (4.3) implies that Q is a local eld polynomial with dimension less than
2From here on we use the symbol S for all the dierential operators on the l.h.s. of (3.4).
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or equal to four, carries -charge −1 and is even under charge conjugation. The most
general ansatz for Qcl is therefore given by (see table of quantum numbers)
Qcl =
R
fd1Y1’1 + d^1Y1’^1 + dY1 + d2Y2’2 + d^2Y2’^2
+ fc’2 + f^c’^2 + ~fcB + fAc@A
+ h1c’1’2 + h2c’^1’2 + h3c’1’^2 + h4c’^1’^2g ; (4.6)
and the 13 parameters d1; d^1; d; : : : ; h3; h4 have to be determined with the help of (4.5).
This calculation is straightforward and most easily done by dierentiating (4.5) with
respect to suitable elds and then comparing coecients of independent terms. We nd:
Qcl = Qe:f: +Q (4.7)
with (x(0)1 = x
(0)





















































The parameters z1; z2; zm; ze; x as well as A in (4.8), (4.9) are the free parameters ap-
pearing in the general solution Γ^ of the ST identity (4.1) for  = 0. Please note that
the coecients in Qcl are fully determined as functions of these parameters. The ST
identity (4.5) does not only determine Qcl, but even restricts the -dependence of the
free parameters: Whereas the wave function renormalizations z1; z2 and x are allowed to
depend arbitrarily on the gauge parameter, the parameters ze; zA; zm; zmH and 
2 have to
be independent of the gauge parameter :
@ze = 0 ; @zA = 0 ; (4.10)
@zm = 0 ; @zmH = 0 ; @
2 = 0
This means that only the -independent part of these parameters has to be xed by
normalization conditions, the -dependent part, however, is completely determined by
the -enlarged ST identity and one cannot dispose on it by a normalization condition.
Applying the normalization conditions to the general classical solution of the ST iden-
tity the constraints (4.10) are trivially fullled, because e;mH and m are -independent
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physical parameters of the model. If one would take these parameters depending on ,
then, of course, the S-matrix would depend on the gauge parameter . Such a choice
is completely unphysical but it would be allowed just looking into the renormalization
of the model via the ordinary ST identity. In the tree approximation it is obvious that
nobody will introduce such a strange -dependence into the theory. In higher orders,
however, the couplings have to be xed at some value of non-local Green functions, and
there it is much less obvious and transparent, how one has to deal with the splitting
into -dependent and -independent quantities in the normalization conditions. A wrong
adjustment of -dependent counterterms will introduce -dependence into the S-matrix in
the same way as we have illustrated above for the tree approximation. The next section
is devoted to the analysis, how the classical restrictions are continued to higher order
perturbation theory.
5. Gauge parameter dependence of Green functions
Having completed the characterization of the classical model via the ST identity the next
step would be the proof of the -dependent ST identity to all orders. We don’t want to
go into the details here, but only mention that, according to the considerations in [4],
the proof of (4.1) (for  6= 0) can be reduced to the proof of the ST identity for  = 0.
It turns out that no anomaly occurs, and once suitable counterterms are adjusted the
-enlarged ST identity (4.1) is valid in all orders,
S(Γ) = 0 ; (5.1)
with Γ being the generating functional of 1-PI Green functions, which includes also the
{dependent contributions. Accordingly the validity of (5.1) will be assumed throughout
the following.
In order to extend the restrictions on gauge parameter dependence found in the classi-
cal approximation (4.10) to higher orders we have to consider the -dependence of the
non-local Green functions, on which the normalization conditions are applied. Thereby
we want to restrict ourselves to the case, where the Higgs particle is a stable particle,
i.e. m2H < 4m
2. The imaginary part is then vanishing for the self energy of the Higgs at
p2 = m2H as well as for the transversal part of the vector self energy at p
2 = m2 [8].
-independence of the parameter  is trivially continued to higher orders: The ST identity
reads for the -derivative of Γ’1 in momentum space:
@ΓY1(0)Γ’1’1(0) + @ΓY1’1(0)Γ’1(0) = −@Γ’1(0) (5.2)
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Applying the normalization condition (2.23), which requires vanishing of the vacuum
expectation value of the Higgs eld, we end up with the condition
(−m2H +O(h))@ΓY1 = 0 =) @ΓY1 = 0 ; (5.3)
which is valid to all orders of perturbation theory.
We now turn to the transversal part of the vector 2-point function, which was found to
be gauge parameter independent in the classical approximation (@zA = 0 and @zm = 0).
This restriction is valid also in higher orders of perturbation theory: Using the result (5.3)
one gets from the ST identity:
@ΓY2A(p;−p)Γ’2A (p;−p) + @ΓY2A(p;−p)Γ’2A(p;−p) = −@Γ(p;−p) (5.4)











) = ipm+O(h) ;
and the l.h.s. of (5.4) only contributes to the longitudinal part of @Γ(p;−p). Acting
with the transversal projector on (5.4) it is easily seen that the transversal part of Γ is
independent of  to all orders of perturbation theory:
@Γ







This equation has two consequences: It tells us that the non-local contributions to ΓT (p2)
are -independent, and also that the counterterms have to be adjusted in such a way,
that (5.6) is fullled order by order in perturbation theory. Accordingly we have to check
whether the normalization conditions that we have imposed on the transversal part of
the vector 2-point function (2.18), (2.20) are compatible with (5.6). Testing (5.6) at the










= @0 = 0 (5.8)
(Here we have even relaxed the complete on-shell condition by permitting an arbitrary
normalization point m for xing the residuum.) Working in a scheme without explicit
normalization conditions like the MS-scheme (5.6) has to be proven in concrete calcula-
tions order by order in perturbation theory. The constraints on the vector 2-point function
look very simple and obvious in the Abelian Higgs model, but in this simple way they are
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only available by the algebraic control of gauge parameter dependence.
Much more interesting, however, is the extension of @zmH = 0 (4.10) to higher orders.
First we consider the wave function renormalization of the scalar particles, i.e. the gauge
parameter dependence of @p2Γ’i’i(p
2). Testing the ST identity with respect to the Higgs




















where we have also used a relaxed form of the complete on-shell condition of the Higgs
2-point function. This equation is well-dened order by order in perturbation theory
because @p2@ΓYi’i(p
2) is non-local and uniquely determined from lower orders. In the
complete on-shell scheme (5.10) simplies to3
@ΓYi’i(m
2
H) = 0 (5.11)
Eq. (5.9) completely governs the -dependence of the Higgs self-energy. However, Γ’1’1(p
2)
involves two free parameters, namely the wave function normalization and the Higgs mass.
Once @ΓY1’1(p
2) is xed one therefore has to adjust the mass counterterm in such a way
that eq. (5.9) is identically fullled. In contrast to the transversal part of the vector
2-point function the l.h.s. of (5.9) is far from being trivial, because the vertex function
@ΓY1’1(p
2) is non-local, i.e. it depends on the momentum p2, due to non-trivial insertions
of the vertex cB (see appendix B for the 1-loop diagrams). These non-local contributions
govern the -dependence of the non-local contributions to the Higgs self energy. In 1-loop








Testing at p2 = m2H and using the on-shell condition for the Higgs (2.18) we see that the
l.h.s. as well as the r.h.s. vanish. This result does not depend on the normalization one
has chosen for the residuum.
Therefore the on-shell conditions are shown to satisfy the restrictions dictated on gauge
3Therefrom it is immediately deduced, that the normalization conditions of ref. [2], which in addition
x the coupling at an on-shell momentum on the transversal part of ΓAA’1 , are in complete agreement
with the BRS-varying gauge parameter.
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parameter dependence via a BRS-varying gauge parameter. Finally, these arguments
can immediately be applied to all orders of perturbation theory. This result is quite
remarkable and underlines once more the relevance of the on-shell conditions for the
proper eld theoretic denition of spontaneously broken theories.
We now come to the last constraint: the gauge parameter independence of ze and its
compatibility with the normalization condition (2.22). It is quite instructive to write
down explicitly the equation which governs the -dependence of ΓA’1’2:
@ΓY1’1(p
2





2) + @ΓY1’2A(p1; p2; p)Γ’1’1(p
2
1) (5.13)
+@ΓY2’1’2(p; p1; p2)Γ’2A(−p; p) = −@Γ’1’2A(p1; p2; p)
This equation completely determines the -dependence of the 3-point vertex. In fact,
if the residua of the Higgs and the would-be Goldstone are xed by the normalization
conditions (5.9) and (5.10), eq. (5.13) does not involve any free parameters, because all
other -dependent contributions are non-local. It is even not possible to evaluate the
l.h.s. at a normalization point as it was the case for the 2-point functions. Therefore, if
one insists in xing the coupling at a normalization point as we have done in (2.22), one
is forced to introduce a reference point o in order to x the gauge parameter independent
part, and has to govern -dependence by eq. (5.13) which is quite a troublesome task in
explicit calculations (see ref. [4] for details).
Instead we will show that such a treatment is not necessary in the Abelian Higgs model
if one agrees to x the coupling on the local Ward identity as it is elaborated in section 7.
6. Rigid invariance
The -independent part of the generating functional of 1-PI irreducible Green functions










































The parameters z; ^A and A are uniquely determined by the normalization conditions
imposed on the residua of the Higgs particle ’1 and the Goldstone boson ’2 (2.20), and
the mass normalization of the ghosts and the Higgs particle (2.18). They are expanded
in orders of the coupling e according to the loop expansion,
z = 1 + z ; ^A = −1 + xA + ^A ; A = 
(0)
A +O(h) ; (6.3)
with z = O(h) and ^A = O(h). In addition the rigid Ward identity imposes a relation
between the vertex function ΓY1q1 and ΓY2q2. Therefore as we have already mentioned, the





1 +O(h) ; x  x
(0)
1 (6.4)
In general the parameters appearing in the Ward identity are functions of the gauge
parameter . In fact, in the ’t Hooft gauge A and ^A depend on the gauge parameter
even in lowest order of perturbation theory:
A =  ; ^A = −1 + x (6.5)
We now have the task to study the modications of (6.1), (6.2) brought about by a BRS
transforming gauge parameter . First we will look at the classical approximation, then
to higher orders.
6.1. Classical approximation
The application of the Ward operator W^ gen (6.2) to the general classical solution Γgencl
(4.3) of the ST identity (4.1) gives a rst insight into the modications expected in higher
orders of perturbation theory:
W^ genΓgencl = W^
gen(Γ^gencl + Q) = W^
genΓ^gencl + W^







































The r.h.s. of (6.6) is non-vanishing, because z as well as A are allowed to depend on the









This breaking of rigid invariance is potentially harmful because of the appearance of non-
linear terms in the propagating (and interacting) elds, these terms not being well-dened
in higher orders and leading to non-trivial insertions. Therefore one has to absorb these
terms into a functional operator V gen which cancels the unwanted terms when acting on
Γgencl . A natural choice is given by extending the operators appearing in W^
gen as far as
















































A short calculation shows that the -enlarged Ward operator W gen,
W gen = W^ gen + V gen ; (6.10)













removes the harmful breakings leaving only expressions linear in the propagating elds
on the r.h.s., which cannot be inserted non-trivially into higher orders’ loop diagrams:










In the tree approximation when applying the normalization conditions (i.e. z = 1) the
’t Hooft gauge yields:












Our aim is to demonstrate the validity of the (-)deformed WI to all orders, when W gen
(6.10) acts on the generating functional of 1-PI Green functions Γ:
W genΓ = @
Z 






In the following we don’t want to rely on special properties of a specic renormalization
scheme, instead we will try to work scheme-independently (as far as possible). Accordingly
15
we only assume that in the scheme used the action principle holds. This action principle
tells us that
W genΓ = ~  Γ ; (6.15)
where ~ is a local integrated insertion with dimension less than or equal to four, -
charge 0 and odd under charge conjugation. Because the Ward identity has already been
established at  = 0 (6.1) ~ has to depend explicitly on ,
~ =  ~− ; (6.16)
where ~− has -charge −1.
The second ingredient, needed for the proof, is a certain transformation behaviour of W gen
(6.10) with respect to BRS invariance: Acting with W^ gen (6.2) on the ST identity (4.1)
yields
W^ genS(Γ) = sΓ(W^
genΓ) − (@W^
gen)Γ = 0 : (6.17)
The operators (6.9) are chosen in such a way as to satisfy the consistency condition
(6.17) by construction. Therefore one derives for the -enlarged operator W gen (6.10) the
consistency condition












































































Please note that the derivation of the consistency condition (6.18) as well as (6.20) only
uses the invariance of the vertex functional Γ with respect to the Slavnov-Taylor identity,
and does not rely on any explicit expressions for the Green functions. Combining (6.18)
and (6.20) one gets
sΓ(W
genΓ− br) = 0 (6.21)
which is valid to all orders of perturbation theory and constrains the breaking of the Ward
identity (6.15), (6.16) to be sΓ-invariant.
sΓ( ~−  Γ− br) = 0 (6.22)
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From here on we proceed by induction order by order in perturbation theory in order
to prove the -enlarged Ward identity of rigid symmetry. The Ward identity has been
established in the tree aproximation (6.13) and according to the quantum action principle
the WI is broken at least by a local polynomial in the elds in 1-loop order:
W genΓ
(1)
− (1)br = 
(1)
− (6.23)
The parameters z; A; ^A appearing in (6.23) are uniquely determined at  = 0 and ex-
panded including 1-loop order. Applying the operator sΓ to equation (6.23) and using the






2) = 0 : (6.24)
Solving (6.24) is a purely classical problem now. The list of independent polynomials





fw1Y1’2 + w2Y1’^2 + w3Y2 + w4Y2’1 + w5Y2’^1














All the coecients wi are purely 1-loop.




































































= 0 : (6.27)
This means that there is a sΓ-invariant in the basis of the 
(1)
− , which could give rise to a
-anomaly of the global Ward identity. The operators of the rst two lines just constitute
W^ and therefore one has to eliminate one of these polynomials via the classical Ward
17






. The remaining 14 polynomials are independent and
according to the consistency condition (6.24) their coecients have to vanish. Therefore
the breaking of the Ward identity is restricted to one sΓ-invariant whose coecient is not
available by algebraic consistency:













The coecient w1 has to be determined by an explicit test. Testing eq. (6.28) with respect
to Y1’2 and Y2’1 at an asymptotic momentum p21  m
2
i , where the three point functions













(p21) = w1 ;
and therefore
w1 = 0 : (6.30)
The equations (6.28) and (6.30) establish the -dependent Ward identity of rigid symme-
try at 1-loop order as suggested by the classical approximation.
It is clear how the induction proof has to be nished: We assume the validity of the WI
(6.14) in order n of h. We conclude, passing through exactly the same steps as above,
that the WI also holds at order n+ 1. Hence we have proven to all orders:
W genΓ = br (6.31)
7. The local Ward identity
We conclude the general treatment of the -dependence in the Abelian Higgs model by
constructing a local -dependent WI which expresses the invariance of Green functions
under deformed local gauge transformations and simultaneously governs the -dependence
of these Green functions. In ref. [6] it was shown that at  = 0 the 1-PI Green functions














e is of order h and is determined by the normalization condition imposed for xing the
coupling e in higher order perturbative calculations.
The main result in deriving the local {dependent Ward identity is the proof, that the
overall normalization factor of the matter transformations e+e has to be independent of
the gauge parameter to all orders of perturbation theory. This expresses the constraint we
have found for the {dependence of the vertex function ΓA’1’2 from the ST identity (5.13)
at the level of the Ward identity, where it is easily manageable in concrete calculations.
The derivation of the local -dependent Ward identity relies on the same two ingredients
as the one of the rigid Ward identity, namely the action principle and the transformation
behaviour of the local Ward operator wgen(x) (7.2) under BRS transformations. Combin-
ing the information gained about the transformation of the vertex functional under rigid
symmetry (6.14) and about the existence of the local Ward identity at  = 0 (7.1) the
action principle tells us that at  6= 0 the local Ward identity is at least broken by the





)Γ = 2B + (e+ e)Dbr(x) + [@|
]  Γ (7.3)
Dbr(x) is dened to be the non-integrated breaking term br (6.12) of the rigid WI:
Dbr(x) = @









The current | has -charge -1, dimension 3 and is odd under charge conjugation. In-
specting the quantum numbers of the elds in question it turns out that there is only one
eld polynomial satisfying the above requirements,
| = u@c ; (7.5)
which is linear in the propagating elds and therefore a trival insertion to all orders.
Turning now to the consistency conditions for the local Ward identity one derives in direct
analogy to (6.18){(6.21):












Applying the -dependent sΓ-operator (6.19) to eq. (7.3) and using the consistency con-






wgenΓ = −sΓu2c = −u2B (7.8)
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In the tree approximation, where @e = 0 is trivially fullled, it follows
u(0) = 0 ; (7.9)
which is in agreement with the explicit determination.
For higher orders we have to note that the two insertions wgenΓ and 2B are independent
and have to vanish separately in order to fulll the consistency condition (7.8). This
implies to all orders
u = 0 and @e = 0 : (7.10)
The independence of the two insertions is seen immediately by calculating the lowest order




= @[jmatter ]  Γ (7.11)
with
jmatter = ’2@ ’1 − ( ’1 +
m
e
)@ ’2 + eA( ’
2




jmatter is { in contrast to 2B { non-trivially inserted into higher orders’ loop diagrams.





Γ = 2B + (e+ e)Dbr(x) (7.13)
with the restriction
@(e+ e) = 0 (7.14)
is established to all orders of perturbation theory. Because of the spontaneous symmetry
breaking, in wgen there appear the derivatives with respect to ’2 and ’^2. Hence local
gauge invariance is non-trivially formulated at the level of Green functions when compared
to classical gauge invariance acting on elds.
As we have already mentioned the main result is the -independence of the factor e+ e
appearing in the local Ward identity. This is a highly non-trivial result in higher orders
of perturbation theory and can be deduced only with the formalism of a BRS-varying
gauge parameter . Finding in a explicit calculation e to be -dependent means that
the normalization conditions imposed are not in agreement with the -enlarged Slavnov-
Taylor identity and it is suggested that under such circumstances the -independence of
the S-matrix cannot be proven which in turn is a desaster for the denition of the theory.
Therefore it is obvious that we can also use the local Ward identity in order to x the

























= i(p1 + p

2)ΓA’1’2(p; p1; p2) (7.16)
with p + p1 + p

2 = 0
As long as we do not apply a normalization condition for xing the coupling e, the vertex
ΓA’1’2(p; p1; p2) is only determined up to a local contribution, i.e. a nite counterterm,




(p; p1; p2) = Γ
(n)
A’1’2







Γ0A’1’2 and ΓA’1’2 are equivalent solutions of the ordinary ST-identity at  = 0 for an
arbitrary ze().
It was shown, however, that the dependence on the gauge parameter cannot be arbitrarily
adjusted. Instead, this has to be done in such a way that the ST identity holds at  6= 0.
Equivalently { and this is the remarkable point of the analysis { one can require that the
-independence of the factor e + e is not ruined. This is trivially fullled if we require
e = 0. It is seen that the local Ward identity (7.15) uniquely determines ze, if all
the other normalization conditions are applied, rigid invariance is established and the
Slavnov-Taylor identity at  = 0 holds.
Hence taking the on-shell conditions together with the requirement \Ward identity exact
to all orders" (7.15) the determination of the gauge parameter dependence is in agreement
with the Slavnov-Taylor identity at  6= 0. In explicit calculations these conditions ensure
that gauge parameter dependence is handled correctly.
Due to the spontaneous symmetry breaking the requirement \Ward identity of local invari-
ance being exact" is not immediately related to a physical interpretation of the coupling,
as can be done in QED. There the same requirement is even physical, because the cou-
pling is seen to be the ne structure constant in the Thompson limes. Using the Ward
identity of rigid symmetry and the complete on-shell conditions for the Higgs particle













with z being determined from the rigid Ward identity. A similar expression can be de-
rived for the on-shell conditions, when the residuum of the Higgs is xed at an arbitrary
normalization point . In any case the parameter e has to be adjusted to its physical
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value by calculating a physical process, which is manifestly gauge parameter independent
by construction.
8. Conclusions
In the present paper we have investigated the renormalization of the Abelian Higgs model
including a BRS-varying gauge parameter. The techniques we have presented relate gauge
parameter dependence of the Green functions to the evaluation of a class of ghost diagrams
via the enlarged Slavnov-Taylor identity. This procedure is well-dened and can be carried
out by just implementing additional Grassmann valued vertices into the action. The
diagrams, which determine gauge parameter dependence, have a much simpler structure
when compared to the original ones, in general they are also less divergent.
The importance of the algebraic method for controlling gauge parameter dependence is
founded in the fact that the Green functions constructed with a BRS-varying gauge pa-
rameter are determined in a way which ensures all the physical quantities to be gauge
parameter independent just by construction. Especially it is seen, that the normalization
conditions, which x the physical parameters of the model (like the masses of the vector
and the Higgs and the coupling constant), cannot be chosen arbitrarily concerning gauge
parameter dependence. The advantage of such a construction is obvious, because one is
forced to adjust the counterterms correctly already in the procedure of renormalizing the
1-PI Green functions. Otherwise, if one does not introduce a BRS-varying gauge param-
eter, it can happen, that gauge parameter dependence enters the S-matrix by a wrong
adjustment of counterterms. Then at the end, this dependence has to be removed order
by order in perturbation theory by carefully adjusting the gauge parameter dependent
part of the counterterms once again. Such a treatment is not transparent and dicult to
control, especially if the model contains several couplings and parameters.
In the Abelian Higgs model, which we have chosen as the simplest example of a spon-
taneously broken gauge theory, the results of the algebraic method are quite impressive:
Inspection of the Slavnov-Taylor identities and the corresponding diagrams tells us that
the transversal part of the vector self energy is independent of the gauge parameter to
all orders of perturbation theory. Furthermore, it is seen that the on-shell conditions for
the physical particles are in complete agreement with the restrictions arising from the
enlarged Slavnov-Taylor identity. In the Abelian Higgs model one is able to derive a local
Ward identity of gauge symmetry. We have proven, that the construction prohibits the
gauge parameter to enter the overall normalization factor of the matter transformations
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(7.13), which in lowest order coincides with the coupling. Vice versa, making the Ward
identity exact to all orders, ensures by itself that gauge parameter dependence is treated
correctly.
The techniques applied here are universal and can be generalized to more complex models
and situations, whenever one is interested in an explicit knowledge about gauge parameter
dependence or whenever one wants to construct and to analyze gauge parameter inde-
pendent quantities. The S-matrix is the most important object for such considerations.
In this context, the analysis of gauge parameter dependence in the case when the thoery
contains unstable particles is outstanding: The Slavnov-Taylor identity holds as it is and
it remains to study the consequences thereof in order to arrive at a proper denition of
the mass and width of the unstable particles.
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Appendix A
In this appendix we present (without any calculation) the general solution of the gauge



















in the classical approximation. It turns out that the classical solution can be decomposed
as follows
Γ^gencl = (A; ’1; ’2) + Γg:f: + Γ + Γe:f: ; (A.2)
where
’i = ’i − xi’^i ; i = 1; 2 : (A.3)




















































































































































zA ’2c+ x1q1)g : (A.7)
This general solution of the ST identity (A.1) contains quite a number of so far free param-
eters, namely the wave function normalizations z1; z2 and zA, the mass renormalizations
of the vector and the Higgs-particle, i.e. zm; zmH , the coupling renormalization ze, the
parameters x1; x2, the t’Hooft gauge parameter A and the parameter ^A, which are not
prescribed by the ST identity (A.1) and which therefore have to be xed by appropriate
normalization conditions to all orders (see section 2).
Appendix B
According to the considerations of section 5 (see especially (5.12)) gauge parameter de-
pendence of the Higgs self-energy is completely governed by the non-local contributions





























Figure 1: 1-loop order contributions to @ΓY1’1














In the ’t Hooft gauge A =  the last two diagrams of gure 1 are absent (because the
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Figure 2: Additional contribution in the ’t Hooft gauge
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